In Archimedean vector lattices bands can be introduced via three different coinciding notions. First, they are order closed ideals. Second, they are precisely those ideals which equal their double disjoint complements. The third concept is that of an ideal which contains the supremum of any of its bounded subsets, provided the supremum exists in the vector lattice. We investigate these three notions and their relationships in the more general setting of Archimedean pre-Riesz spaces. We introduce the notion of a supremum closed ideal, which is related to the third aforementioned notion in vector lattices. We show that for a directed ideal I in a pervasive pre-Riesz space with the Riesz decomposition property these three concepts coincide, provided the double disjoint complement of I is directed. In pervasive pre-Riesz spaces every directed band is supremum closed and every supremum closed directed ideal I equals its double disjoint complement, provided the double disjoint complement of I is directed. In general, in Archimedean pre-Riesz spaces the three notions differ. For this we provide appropriate counterexamples.
Introduction
In Archimedean vector lattices bands can be introduced in three different ways. Classically, they are defined as order closed ideals. Moreover, bands are precisely those linear subspaces, which equal their double disjoint complement. A third notion of a band can be found in [13, Definition 17.1(iv) ]. There, a band is defined as an ideal containing the supremum of any of its bounded subsets, whenever the supremum exists in the vector lattice. In Archimedean vector lattices these three notions are equivalent. We investigate the relationships of these notions in Archimedean pre-Riesz spaces. Pre-Riesz spaces are precisely those (partially) ordered vector spaces that can be order densely embedded into vector lattices. They were introduced 1993 in [16] by van Haandel. Later pre-Riesz spaces and structures therein were thoroughly investigated by Kalauch, Lemmens and van Gaans in [5] [6] [7] [8] [9] [10] [11] [12] and [15] . The definition of disjointness in pre-Riesz spaces was first given in [8] . Based on this notion, bands were introduced as sets which equal their double disjoint complement. In [10] the authors investigate ideals and bands and establish the following result.
Theorem 0. [10, Theorem 5.14] Let X be a pre-Riesz space. Then every band in X is an order closed ideal.
This result raises the question, whether and under which conditions the converse is true, i.e. under which conditions every order closed (o-closed) ideal is a band. Motivated by this question, we introduce in Section 3 supremum closed (s-closed) ideals and characterize s-closed directed ideals in pervasive pre-Riesz spaces. We show that in a pervasive pre-Riesz space every directed band is an s-closed ideal and every s-closed directed ideal I is a band, provided the double disjoint complement I dd is directed. In an example we see that the condition of I dd being directed can not be omitted. In Section 4 we give conditions under which the converse of Theorem 0 is true: We show that in a pervasive pre-Riesz space with RDP every o-closed directed ideal I is a band, provided I dd is directed. In a pre-Riesz space with RDP every directed band and every o-closed directed ideal is s-closed. In a pervasive pre-Riesz space every s-closed directed ideal is o-closed, provided I dd is directed.
In an example we demonstrate that the condition of I dd being directed can not be omitted. Several examples show that in pre-Riesz spaces the notions of a band, an o-closed ideal and an s-closed ideal do not coincide, in general. The following schemata summarize the results. Grey arrows represent the already known statements. Blue arrows indicate implications which are true under the additional condition that the double disjoint complement is directed. Example numbers attached to blue arrows refer to the given counterexamples in case this additional condition is not satisfied. In the last diagram a green arrow means that the implication is true even under the condition of RDP (i.e. the pre-Riesz space need not be pervasive). Cor.12 Thm. 10 Thm.10
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Preliminaries
Let X be a real vector space and let K be a cone in X, that is, K is a wedge (x, y ∈ K and λ, µ 0 imply λx + µy ∈ K) and we have K ∩ (−K) = {0}. In X a partial order is introduced by defining x y if and only if y − x ∈ K. Denote by X + the set of positive elements in X. Then X + = K. The pair (X, ) is called a (partially) ordered vector space. We write loosely X instead of (X, ). Let X be an ordered vector space. An element u ∈ X is called an order unit, if for every x ∈ X there is some λ ∈ R 0 such that ±x λu. The space X is called Archimedean if for every x, y ∈ X with nx y for all n ∈ N one has x 0. A subset A of X is directed if for every x, y ∈ A there are z 1 , z 2 ∈ A such that z 1 x, y z 2 .
A linear subspace A of X is directed if and only if for every x, y ∈ A there is some z ∈ A such that x, y z. The space X is directed if and only if the cone X + is generating in X, i.e. X = X + − X + . The space X has the Riesz decomposition property (RDP ) if for every x 1 , x 2 , z ∈ X + with z x 1 + x 2 there exist z 1 , z 2 ∈ X + such that z = z 1 + z 2 with z 1 x 1 and z 2 x 2 . Equivalently, X has the RDP if and only if for every x 1 , x 2 , x 3 , x 4 ∈ X with x 1 , x 2 x 3 , x 4 there exists some z ∈ X such that x 1 , x 2 z x 3 , x 4 . A set M ⊆ X is called bounded above, if there exists some z ∈ X such that for every x ∈ M one has x z. Analogously we define bounded below. A set is called order bounded, if it is bounded above and below. For a, b ∈ X with a b we define order intervals by [a, b] := {x ∈ X | a x b}, ]a, b] := {x ∈ X | a < x b} and similarly [a, b[ and ]a, b[. A net (x α ) α in X is said to be decreasing (in symbols x α ↓), whenever α β implies x α x β . For x ∈ X the notation x α ↓ x means that x α ↓ and inf α x α = x. The symbols x α ↑ and x α ↑ x are defined analogously. We say that a net order converges (short o-converges) to x ∈ X (in symbols x α o → x), if there is a net (z α ) α in X such that z α ↓ 0 and for every α one has ±(x − x α ) z α . The equivalence of x α o → x and x − x α o → 0 is obvious. If a net o-converges, then its limit is unique. A set M ⊆ X is called order closed (short o-closed ) if for every net (x α ) α in M which o-converges to x ∈ X one has x ∈ M . For standard notations in case that X is a vector lattice see [2] . Recall that a vector lattice is Dedekind complete whenever every non-empty subset which is bounded above has a supremum. By a subspace of an ordered vector space or a vector lattice we mean an arbitrary linear subspace with the inherited order. We do not require it to be a lattice or a sublattice. We call a linear subspace X 0 of an ordered vector space X order dense in X if for every x ∈ X we have x = inf {z ∈ X 0 | x z}, that is, each x is the greatest lower bound of the set {z ∈ X 0 | x z} in X, see [4, p. 360] . Recall that a linear map i : X → Y between two ordered vector spaces X and Y is called bipositive if for every x ∈ X one has x 0 if and only if i(x) 0. An embedding map is linear and bipositive, which implies injectivity. If there exists a vector lattice Y and a bipositive linear map i : X → Y such that i(X) is order dense in Y , then we call X a pre-Riesz space and (Y, i) a vector lattice cover of X. Vector lattice covers are not unique, in general. For an intrinsic definition of a pre-Riesz space, see [16, 
In particular, for an Archimedean pre-Riesz space X with a vector lattice cover Y we have X δ = Y δ . Let X be a pre-Riesz space and (Y, i) a vector lattice cover of X. For M ⊆ X let M u be the set of all upper bounds of M , i.e. M u = {x ∈ X | ∀y ∈ M : y x}. If s ∈ X is an upper bound of M , then we loosely write M s. The elements x, y ∈ X are called disjoint (in symbols x ⊥ y) if {x + y, −x − y} u = {x − y, −x + y} u , for motivation and details see [8] . If X is a vector lattice, then this notion of disjointness coincides with the usual one, see [ 
The disjoint complement A d is a band, see [8, Proposition 5.5] . By B A we denote the band generated by A, i.e. B A := A dd . If X is an Archimedean vector lattice, then this notion of a band coincides with the classical notion of a band (i.e. an o-closed ideal). The following notion of an ideal was introduced in [14, Definition 3.1] . A subset M of X is called solid if for every x ∈ X and y ∈ M the relation {x, −x} u ⊇ {y, −y} u implies x ∈ M . A solid subspace of X is called an ideal. If X is a vector lattice, this notion of an ideal coincides with the classical definition. A set M is called solvex if for every x ∈ X, x 1 , . . . , x n ∈ M the inclusion Let X be a pre-Riesz space and (Y, i) a vector lattice cover of X. For a set S ⊆ Y let the preimage of S be denoted by [S]i := {x ∈ X | i(x) ∈ S}. In [10] the following restriction property (R) and extension property (E) for a property P are considered:
Property P might be the property of being an ideal or a band. (i) X is pervasive.
(ii) ∀a ∈ X ∀y ∈ Y i(a) < y ⇒ ∃x ∈ X : i(a) < i(x) y .
(iii) For every y ∈ Y + with y = 0 we have y = sup (i(X) ∩ ]0, y]).
(iv) For every y ∈ Y and z ∈ X with i(z) < y we have
Since X is pervasive, there exists some z ∈ X with 0 < i(z) y − i(a).
We show that y = sup M by contradiction. Suppose there is an s ∈ Y with M s and y s . Then for s := s ∧ y ∈ Y we have M s. In particular, s ∈ Y + and s < y. Then 0 < y −s and (ii) yield that there exists some u ∈ X with 0 < i(u) y −s. It follows 0 < i(u) y and thus i(u) ∈ M . As M s, we have 0 < i(u) s. We obtain 0 < 2i(u) s + (y − s) = y. Notice that 2i(u) ∈ M and therefore 0 < 2i(u) s. Again, we can combine this with 0 < i(u) y − s and obtain by induction for every n ∈ N that ni(u) y implies (n + 1)i(u) y. Altogether, for every n ∈ N we have 0 < ni(u) y. This is a contradiction to Y being Archimedean. We conclude that
By [13, Theorem 13.1] in an ordered vector space we can interchange addition and the supremum and obtain y = sup {x Proof. Let z ∈ Z. Since Y is order dense in Z, we have z = inf {y ∈ Y | z y}. Due to X being order dense in Y , for every y ∈ Y we have y = inf {x ∈ X | y x}. It follows z = inf {y ∈ Y | z y} = inf {inf {x ∈ X | y x} | y ∈ Y, z y} = = inf {x ∈ X | ∃y ∈ Y : y x and z y} .
Due to X ⊆ Y for every x ∈ X with z x there exists some y ∈ Y with z y x (e.g y := x ∈ Y ). It follows {x ∈ X | ∃y ∈ Y : z y and y x} = {x ∈ X | z x}. Thus due to (1) the infimum inf {x ∈ X | z x} exists in Z and we have z = inf {x ∈ X | z x}. That is, X is order dense in Z.
The following technical results will be used later on.
Proposition 3. Let X be a fordable Archimedean pre-Riesz space and (Y, i) a vector lattice cover of X.
Restricting this inclusion to X and using (2) leads to
Since X is fordable, we have (R) for bands. If we restrict the band
Lemma 4. Let Y be an ordered vector space, X ⊆ Y a linear subspace and S ⊆ X be a non-empty subset. If sup Y S exists in Y such that sup Y S ∈ X, then sup X S exists in X and sup Y S = sup X S.
Proof. Let S ⊆ X. Let z := sup Y S exist and belong to X. Then z is an upper bound of S in X. Let a ∈ X be another upper bound of S in X. Since in Y we have z = sup Y S, it follows z a in Y . This implies z a in X. Thus z is the least upper bound of S in X, i.e. z = sup X S.
Lemma 4 can be similarly formulated for infima instead of suprema. Part (i) of the following corollary was established in [10, Proposition 5.1 (i)].
Corollary 5. Let X be a pre-Riesz space, (Y, i) a vector lattice cover of X and S ⊆ X a non-epmpty subset.
(ii) If sup i(S) exists in Y and sup i(S) ∈ i(X), then sup S exists in X and sup i(S) = i(sup S).
Supremum closed ideals and their relationship to bands
In this section we introduce the concept of an s-closed ideal. In Proposition 8 we show that in pervasive pre-Riesz spaces the notion of an s-closed directed ideal is equivalent to the definition of a band given in [13, Chapter 1, §4] by Luxemburg and Zaanen. Let X be a pervasive pre-Riesz space and I a directed ideal in X. Theorem 11 characterizes positive elements of I dd . In Theorem 10 we show that if I is s-closed, then I is a band, provided that I dd is directed. Conversely, Corollary 12 yields that if I is a band, then I is s-closed. In Example 13 we show that in Theorem 10 we can not drop the condition of I dd being directed.
Definition 6. Let X be an ordered vector space.
The condition z = sup (I ∩ [0, z]) means that the supremum exists and equals z.
In the two subsequent results we characterize s-closed ideals.
Lemma 7. Let X be an ordered vector space and I and ideal in X. Then I is s-closed if and only if ∀z ∈ X (∃a ∈ I, a z :
Proof. "⇒": Let z ∈ X. Assume that there exists some a ∈ I with a z such that z = sup (I ∩ [a, z]). By [13, Theorem 13.1] in an ordered vector space we can interchange addition and the supremum. It follows
Since I is s-closed, it follows z − a ∈ I. As a ∈ I, we obtain z = (z − a) + a ∈ I. "⇐": The special case a := 0 yields that I is s-closed.
The following alternative definition of a band was given in [ 
In a vector lattice this definition is equivalent to the standard definition of a band, i.e. to I being an o-closed ideal. The following result relates (4) to the s-closedness of a directed ideal in pre-Riesz spaces.
Proposition 8. Let X be an Archimedean pervasive pre-Riesz space and I ⊆ X a directed ideal. Then the following statements are equivalent:
Proof. (i) ⇒ (ii): Since X is Archimedean, X has the Dedekind completion (X δ , i). For a non-empty subset A of the s-closed and directed ideal I let s := sup A exist in X. We show that there exists some z ∈ I such that i(s) = sup i (I ∩ [z, s]). Then by Corollary 5 (ii) this leads to s = sup (I ∩ [z, s]). Since I is s-closed, due to Lemma 7 we then conclude that s ∈ I.
To show that there exists some z ∈ I such that i(s) = sup j (I ∩ [z, s]), we proceed as follows. First we approximate −i(s) − and i(s) + from below by elements in i(I). That is, we establish
Finally, for a certain set S 2 ⊆ i(I) we then establish sup j (I ∩ [z, s]) = sup S 2 and sup S 2 = i(s).
To show (5), let a ∈ A. Since I is directed and a ∈ I, there exists an element z ∈ I such that z 0, a. Due to a s it follows i(z)
The ideal I is directed and therefore solvex. Thus I i(I) is an extension ideal of I, i.e. we have
We obtain the following chain of inequalities, which establishes (6):
In the next step we show
Clearly, every upper bound of S 1 is an upper bound of S 2 . It is left to show that every upper bound of S 2 is an upper bound of
We take the supremum over all x 2 in the inequality x 2 u − i(s)
+ and obtain from (5) that i(s)
, it follows x u. Thus S 1 u and we obtain (7). Next, we show sup S 2 = i(s).
Clearly, sup S 2 i(s). To see the converse inequality, let u ∈ X δ be an upper bound of S 2 . We show u i(s). For every x 1 , x 2 ∈ i(I) with
This implies u i(s) and establishes (8) . From (7) and (8) together it follows
The following technical result will be used in the proofs of Theorems 10 and 11.
Lemma 9. Let X be an Archimedean pervasive pre-Riesz space and I a directed ideal in X. Then for every z ∈ (I dd ) + we have z = sup (I ∩ [0, z]).
Proof. Since X is Archimedean, X has the Dedekind completion (X δ , i). Let I be a directed ideal in X. Then I is solvex and therefore has the extension property. The ideal I i(I) in X δ as an extension ideal of I, i.e. we have I i(I) ∩ i(X) = i(I). Let z ∈ (I dd ) + be such that z = 0. Since every pervasive pre-Riesz space is fordable, by Proposition 3 we obtain z ∈ I dd = i(I) dd i, from which it follows i(z) ∈ i(I) dd ⊆ I 
Since I is directed, for every α we have y α ∈ I i(I) . This yields
Due to X being pervasive by Lemma 1 we have y α = sup M α . Thus in X δ we obtain
Taking supremum over all α yields sup i(M ) = i(z) ∈ i(X). By Corollary 5 (ii) the supremum sup M exists in X and sup M = z.
From the vector lattice theory we know that every o-closed ideal is a band and every band is o-closed. Next we show both implications in pervasive pre-Riesz spaces, considering s-closed ideals instead of o-closed ideals. Notice that in both cases we assume that the ideal is directed and in Theorem 10 we have the condition that its double disjoint complement is likewise directed. These conditions are natural, as all bands and ideals in vector lattices are directed.
Theorem 10. Let X be an Archimedean pervasive pre-Riesz space and I an s-closed directed ideal in X. Then (I dd ) + ⊆ I + . If, in addition, the band I dd is directed, then I = I dd , i.e. I is a band.
Proof. Let z ∈ (I dd ) + , z = 0. Since X is pervasive and I is directed, by Lemma 9 we have z = sup (I ∩ [0, z]). Due to I being s-closed it follows z ∈ I + . Additionally, if I dd is directed, then we have
Theorem 11. Let X be an Archimedean pervasive pre-Riesz space and let I be a directed ideal in X.
Proof. As X is pervasive and I is a directed ideal, by Lemma 9 for every x ∈ (I dd ) +
we have
To see the converse inclusion, let x ∈ X + , x = 0, such that x = sup (I ∩ [0, x]). Let y ∈ I d , i.e. for every z ∈ I we have y ⊥ z. In particular,
We show that y ⊥ x, then it follows x ∈ I dd . Suppose, y ⊥ x. Then in a vector lattice cover (Y, i) of X we have |i(y)| ∧ i(x) > 0. Since X is pervasive, there exists an elementx ∈ X with 0 < i(x) |i(y)| ∧ i(x). That is, we have the two inequalities 0 <x x and 0 < i(x) |i(y)|.
Fix an a ∈ I ∩ [0, x]. Then 0 < a x and (10) yield
From (9) and (10) it follows a ⊥x.
. Then due to (11) we have i(a) + i(x) i(x), and so, a x −x. Since this is true for every a ∈ I ∩ [0, x], it follows x = sup (I ∩ [0, x]) x −x, a contradiction tox > 0. Thus our assumption y ⊥ x is false, i.e. we obtain for every
Corollary 12. Let X be an Archimedean pervasive pre-Riesz space. Then every directed band in X is s-closed.
Proof. Let B be a directed band in X. In particular, B is a directed ideal. By Theorem 11 it follows
The following example shows that in Theorem 10 the condition of I dd being directed can not be omitted. Note that in Example 13 the pre-Riesz space is not only pervasive, but has other strong additional conditions. Example 13. In an Archimedean pervasive pre-Riesz space with RDP and an order unit a directed s-closed ideal need not be a band. Consider the vector space The linear subspace
of X is an ideal. Moreover, it is even a vector lattice with the pointwise order inherited from X. However, I is not a band. Let namely
Then g ∈ X. Since functions in X are continuous, we have
It follows
, 0 = 0 . Clearly, g ∈ I dd . However, due to g(−1) = −1, g(1) = 1 we have g / ∈ I, i.e. the ideal I is not a band. We show that I is s-closed. Let s ∈ X + , s = 0, be such that s = sup (I ∩ [0, s]). We have to establish that s ∈ I. We first show s − , 0] ∪ {−1, 1}) = 0, i.e. s ∈ I. We conclude that I is an s-closed ideal. We show that I dd is not directed. Indeed, we have g, −g ∈ I dd . However, if f ∈ X is such that g, −g f , then 1 = −g(−1) f (−1) and 1 = g(1) f (1). It follows f (0) = f (−1)+f (1) 2 1, i.e. f (0) = 0. We obtain f / ∈ I dd . Thus I dd is not directed.
Relationship between order closed and supremum closed ideals
In this section we focus on o-closed directed ideals and its relationship to s-closed ideals and to bands. Recall that in an Archimedean vector lattice an ideal I is oclosed if and only if I is a band. In Theorem 15 we generalize this fact for pervasive pre-Riesz spaces with RDP. In Corollary 17 we show that in pre-Riesz spaces with RDP o-closed directed ideals are s-closed. Moreover, in pervasive pre-Riesz spaces every s-closed directed ideal I is o-closed, provided I dd is directed. Example 19 shows that we can not drop the condition that I dd is directed. We consider other examples, which rule out most of the remaining questions about the relationship of bands, o-closed ideals and s-closed ideals without additional assumptions on the pre-Riesz space. To establish Theorem 15 we first need the following lemma. Lemma 14. Let X be an Archimedean pre-Riesz space with RDP and I ⊆ X an ideal. Then for every x ∈ X + the set I ∩ [0, x] is directed.
Proof. Let X have the RDP and let I ⊆ X be a directed ideal. Let x ∈ X + . If In particular, then I = x ∈ X there exists a net (
Proof. We only have to show I dd ⊆ I. Let x ∈ I dd . We establish that there exists a net (x α ) α in I with x α o − → x. Since I is o-closed, we then conclude that x ∈ I. As I dd is directed, for every x ∈ I dd there are a, b ∈ (I dd ) + such that x = a − b. Thus it is sufficient to find for every a ∈ (I dd ) + a net (a α ) α in I with a α o − → a. Let a ∈ (I dd ) + and M := I ∩ [0, a]. We use the set M ⊆ X as the index set for the net (a α ) α in I. Since X has the RDP, by Lemma 14 the set M is directed. Since X is pervasive, by Lemma 9 we have a = sup M . For every α ∈ M let a α := α. Then the net (a α ) α∈M is upward directed and due to sup M = a we have a α ↑ a. Let z α := a − a α . Then 0 a − a α = z α ↓ 0, i.e. the net (a α ) α∈M order converges to a.
It is open whether Theorem 15 remains true if we drop the pervasiveness or the RDP or if we do not assume I
dd to be directed. The following example shows that in Theorem 15 we can not drop simultaneously the conditions that X is pervasive and has the RDP.
Example 16.
In an Archimedean pre-Riesz space an o-closed and s-closed directed ideal I, for which the double disjoint complement I dd is directed, need not be a band. Let X := {p ∈ C(R) | p polynomial of degree at most 2} with pointwise order. Then X is Archimedean and directed and therefore a pre-Riesz space. The space X is not pervasive, since there does not exist a non-zero positive element in X which is less or equal both, q(t) = t 2 and c(t) = 1, where t ∈ R. For the same reason X does not have the RDP.
Consider the subspace I := {λq | λ ∈ R} of X. Note that for every f ∈ I we have f (0) = 0 and f (0) = 0. It follows that I is a directed ideal. Moreover, I is o-closed. Indeed, a net (x α ) α = (λ α q) α of elements in I o-converges to an x ∈ X if and only if the net (λ α ) α converges. In particular, if (λ α q) α o-converges, then its limit is an element of the form λq ∈ I. Thus I is o-closed. Furthermore, I is s-closed. Indeed, let A ⊆ R. The subset {λq | λ ∈ A} of I is order bounded if and only if A is a bounded subset of R. Let A ⊆ R be bounded. Then the supremum of the set {λq | λ ∈ A} exists in X and equals the element (sup A) · q ∈ I. To sum up, I is a directed o-closed and s-closed ideal. The double disjoint complement I dd = X of I is directed. Clearly, I is not a band.
The following corollary relates s-closedness and o-closedness of directed ideals.
Corollary 17. Let X be an Archimedean pre-Riesz space and I ⊆ X a directed ideal.
(i) Let, in addition, X have the RDP. If I is o-closed, then I is s-closed.
(ii) Let, in addition, X be pervasive and the band I dd be directed. If I is s-closed, then I is o-closed. Corollary 18. Let X be an Archimedean pre-Riesz space with RDP. Then every directed band in X is s-closed.
Next example shows that in Corollary 17 (ii) we can not omit the additional condition of I dd being directed.
Example 19.
In an Archimedean pervasive pre-Riesz space with RDP and an order unit a directed s-closed ideal need not be o-closed. We return to Example 13. There we considered the ordered vector space
, which is an Archimedean pervasive pre-Riesz space with RDP and an order unit. Let the ideal I and the function g be as in Example 13. We already established that I is s-closed and a vector sublattice of X.
Moreover, I
dd is not directed. We show that I is not o-closed. For every n ∈ N 2 define functions
], and
elsewhere.
For every n ∈ N 2 we have g n ∈ I and u n ∈ X. A straightforward calculation yields ±(g − g n ) u n and u n ↓ 0. Thus the sequence (g n ) n in I order converges to g / ∈ I, i.e. I is not o-closed.
It is open whether in pervasive pre-Riesz spaces o-closed directed ideals are s-closed. The next example shows that in arbitrary pre-Riesz spaces this is not true. 
Let X be ordered pointwise. The characteristic function 1 A is an order unit in X, hence X is directed. Since B(A) is Archimedean, X is likewise Archimedean. Thus X is a pre-Riesz space. However, X is not a vector lattice, as for x 1 := 1 {0,2} and x 2 := 1 {1,2} there does not exist a supremum in X. Indeed, s 1 := x 1 + x 2 ∈ X and s 2 := 1 A ∈ X are both upper bounds of x 1 and x 2 . Suppose, u ∈ X is supremum of x 1 and x 2 . Then we have x 1 , x 2 u s 1 , s 2 . It follows u(0) = u(1) = u(2) = 1 and u(t) = 0 for every t ∈ A\ {0, 1, 2}. However, such a function u can not be written as a linear combination of elements in X, i.e. u / ∈ X, a contradiction. Notice that this also establishes that X does not have the RDP. Clearly, B(A) is a vector lattice. We show that X is order dense in B(A). To that end, let f ∈ B(A). We can assume f 0 or else translate f by adding the function n1 A ∈ X for a sufficiently large n ∈ N 0 . To write f as an infimum of a subset of X, we define a family of functions as follows. Let a, b ∈ [0, 1] be such that a = b. Consider the following three cases. Case 1: If f (a) < f (2), then set f a to be the function
, then set f a to be the function
We have f a ∈ X, f a (a) = f (a) and f a (2) = f (2). Furthermore f a (t) = ||f || ∞ f (t) for t ∈ A\ {a, 2}, i.e. f a f pointwise. Case 3: If f (a) > f (2), then set f a to be the function
We have f a ∈ X, f a (a) = f (a) and f a (2) = f (2). Furthermore, since f (a) − f (2) f (a) ||f || ∞ , we have f a (b) = 2||f || ∞ + f (2) − f (a) ||f || ∞ and f a (t) = 2||f || ∞ f (t) for t ∈ A\ {a, b, 2}, i.e. f a f pointwise. To sum up, for every a ∈ [0, 1] we found a function f a ∈ X such that f f a and f a (a) = f (a). Moreover, f a (2) = f (2). We obtain f = inf {f a | a ∈ [0, 1]} in B(A) and therefore f = inf {g ∈ X | f g}. This establishes that B(A) is a vector lattice cover of X. Notice that X is not pervasive, since there does not exist an element x ∈ X with 0 < x 1 {2} ∈ B(A). Next, we present a directed o-closed ideal I in X, which is not s-closed. Let S := 1 {x,2} x ∈ [0, 1] ⊆ X and let I be the linear hull of S, i.e. I := linS. It is immediate that I is a directed ideal. Moreover, I is not s-closed, since sup 1 {t,2} t ∈ [0, 1] = 1 A / ∈ I. Note that I d = {0} and thus I is not a band. It is left to show that I is o-closed. If an x ∈ X does not belong to I, then it has the form x = µ1 A + z with µ = 0 and z ∈ I. We consider only the element x = 1 A + 0 and establish that there is no net in I which order converges to 1 A + 0.
Other elements x ∈ X\I can be treated similarly. This then implies that the ideal I is o-closed. Suppose, on the contrary, that a net (x α ) α∈A in I o-converges to 1 A . Then the net (x α (2)) α∈A of reals converges. We show that (x α (2)) α diverges to establish a contradiction. As x α o − → 1 A , there exists a net (y α ) α∈A in X such that ±(1 A − x α ) y α and y α ↓ 0. For every α the element x α can be written as a sum of finitely many elements in I. That is, for every α there is a finite subset N α of [0, 1] such that
Fix an α. Since for every t ∈ [0, 1]\N α we have x α (t) = 0, it follows for such t that ±(1 A (t) − x α (t)) = ±1 y α (t). Since N α is finite, we conclude that y α has a representation y α = µ α 1 A + z α with µ α ∈ R 1 and z α ∈ I. We show
Suppose the contrary, i.e.
For anr ∈ [0, 1]\ {r} define the element s = ε1 {r,2} − ε1 {r,2} ∈ X. Then for every α we have s y α . That is, s is a lower bound of the set {y α | α ∈ A}. Since s 0 we obtain a contradiction to y α ↓ 0. Thus our assumption (14) is false. From (13) and y α ↓ it follows
Fix an ε > 0 and a finite set R ⊆ [0, 1]. We obtain that for every r ∈ R there exists some α r such that for every β α r we have ±(1 A −x β )(r) y β (r) ε. This implies x β (r) ∈ [1 − ε, 1 + ε]. Letα R ∈ A be an upper bound of the finite set {α r | r ∈ R}. Then for every r ∈ R and for every β α R we have x β (r) ∈ [1 − ε, 1 + ε]. We conclude that for every finite set R ⊆ [0, 1] we have
Fix an α ∈ A and let R := N α as in (12) . Due to (16) for every β α Nα we have
Next we show that there exists a subsequence (x n ) n of the net (x α ) α such that ∀n ∈ N ∃γ ∈ A : card(N γ ) n.
Then for every n ∈ N there exists someα Nγ ∈ A such that for every β α Nγ we have x β (2) n · (1 − ε). This then implies that the net (x α (2)) α diverges, i.e. the ideal I is o-closed. To show that there exists a subsequence (x n ) n of (x α ) α with (17), fix an n ∈ N and let N ⊆ [0, 1] be such that card(N ) = n. By (15) for every ε > 0 and every r k ∈ N , where k = 1, . . . , n, there exists some α k such that for every β α k we have y β (r k ) ε. Fix an ε ∈ ]0, 1[ and let γ be an upper bound of {α k | k = 1, . . . , n}. Then for every r k ∈ N we have y γ (r k ) ε. As
That is, for x γ we have N ⊆ N γ . To sum up, there exists some γ with card(N γ ) n. Therefore the net (x α (2)) α of reals diverges and thus the ideal I is o-closed.
From Corollary 12 we know that in pervasive Archimedean pre-Riesz spaces every directed band is s-closed. The next example demonstrates that this is not true in arbitrary pre-Riesz spaces. , 0] 0 elsewhere.
Endowed with pointwise order, X is a directed and Archimedean ordered vector space and therefore a pre-Riesz space. Similarly to Example 20 one can see that X is not a vector lattice. We show that the following linear subspace of B(A) is a vector lattice cover of X:
First we show that X is order dense in the ordered vector space Y . To that end, let f ∈ Y with f = c1 A + λh + n k=1 λ k 1 {a k } , where a k ∈ [0, 1] ∪ {2} are pairwise different elements. We can assume f 0 or else translate f by adding the function n1 A ∈ X for a sufficiently large n ∈ N. To write f as an infimum of a subset of X, we will define a family of functions. Let a, b ∈ [0, 1] such that a = b and let
Then f a ∈ X and we have f a (a) = f (a), f a (2) = f (2),
Moreover, the function
belongs to X and we have f −1 (t) = f (t) for t ∈ A\ {0, 2},
where γ = λ k in case a k = 0, and otherwise γ = 0.
Thus we found for every a ∈ [0, 1] ∪ {−1} a function f a ∈ X such that f f a . Moreover, for every t ∈ [−1, 1] we have f −1 (t) = f (t) and for a ∈ [0, 1] we have f a (2) = f (2). It follows f = inf {f a ∈ X | a ∈ [0, 1] ∪ {−1}} in Y , i.e. X is order dense 1 in Y . We show that Y is a vector lattice. To that end, we simplify the computations by considering the following subspace Z of B(A), consisting of restrictions of elements of
We show that Z is a vector lattice. Let g 1 , g 2 ∈ Z be given by
We can assume g 1 , g 2 to be positive. We show that the function s ∈ Z, given by 
) and analogously s(−1) g 2 (−1) and s(− ). Since g 1 , g 2 and s are affine linear between t = −1 and t = − ) imply u s. We obtain s = g 1 ∨ g 2 in Z. That is, Z is a vector lattice. Observe that, in general, s is not a pointwise supremum of g 1 and g 2 in Z. From this it immediately follows that Y is a vector lattice. Indeed, consider the supremum of two elements in Y as the supremum in Z, but additionally pointwise for t ∈ [0, 1] ∪ {2}. Notice that X is not pervasive in Y , since there does not exist an x ∈ X with 0 x 1 {2} ∈ Y . Now let B ⊆ X be the ideal generated by all functions of the form 1 {a,2} , where a ∈ [0, 1]. Notice that B is directed. We show that B is a band. To that end, we first compute B d . Recall that for x 1 , x 2 ∈ X we have x 1 ⊥ x 2 in X if and only if x 1 ⊥ x 2 in Y . Let x ∈ X and 1 {a,2} ∈ B. Let r ∈ Y be the infimum of |x| and 1 {a,2} . It follows for every t ∈ [−1, 1] that r(t) |x|(t) and r(t) 1 {a,2} (t). Therefore for every t ∈ [0, 1]\ {a} we have r(t) 0. Since 0 is a lower bound of |x| and 1 {a,2} , it is 0 r(t), i.e. r(t) = 0 for t ∈ [0, 1]\ {a}. The only elements in X, which are zero on [0, 1]\ {a} are linear combinations of h and 1 {a,2} . Since a is arbitrary in [0, 1], it follows that multiples of h are the only elements in X which are disjoint to all elements of B, i.e. in X we have
With a similar argumentation we obtain B dd = B, therefore B is a band. We show that B is not s-closed. Let namely s := 1 A − h ∈ X + \B. Consider the set M := B ∩ [0, s]. We show that sup M exists in X and sup M = s. For every a ∈ [0, 1] it is 1 {a,2} ∈ M , therefore M = ∅. We establish that s is the least upper bound of M . Let r ∈ X be an upper bound of M , such that ] and since h is symmetric, we obtain s(t) r(t) for t ∈ [−1, 0[. This establishes s r. Consequently, s = sup M = sup(B ∩ [0, s]) in X. However, s / ∈ B, i.e. B is not s-closed.
Additional Examples
We provide two further examples concerning bands in pre-Riesz spaces. Since for the definition of an s-closed ideal only the positive part of the ideal is important, it is a natural question to ask, whether every s-closed ideal is automatically directed. Example 22 shows that this is not the case, even under strong additional conditions on the space. Example 23 provides an instance of a pervasive pre-Riesz space without RDP in which every o-closed directed ideal is a band. This suggests the conjecture that in Theorem 15 the condition of RDP might be dropped.
Example 22. In an Archimedean pervasive pre-Riesz space with RDP and an order unit an s-closed band need not be directed. We return to Examples 13 and 19. There we considered the pervasive pre-Riesz space (1) 2 which has the RDP and an order unit.
In Example 13 we introduced the ideal
, 0] ∪ {−1, 1}) = 0 and established in Example 19 that the band B :
, 0]) = 0 is not directed. We show that B is s-closed. To that end, let z ∈ X + be such that z = sup (B ∩ [0, z]). We establish z ∈ B. First, observe that for f ∈ B + we have f (−1), f (1) 0 and from 0 = f (0) =
it follows f (−1) = f (1) = 0, i.e. f ∈ I + . That is, I + = B + . It follows
Since by Example 13 the ideal I is s-closed, we obtain z ∈ I ⊆ B. Thus the band B is s-closed.
In Theorem 15 we established that every o-closed directed ideal I, with I dd directed, is a band if the pre-Riesz space is pervasive and has the RDP. The following example suggests that the condition of RDP in Theorem 15 might be dispensable. We show that X does not have the RDP. Suppose that X has the RDP and let
Then x 1 , x 2 ∈ X + and q x 1 + x 2 . We show that there are no elements a 1 , a 2 ∈ X with 0 a 1 x 1 , 0 a 2 x 2 and q = a 1 + a 2 . Indeed, let a 1 ∈ X be such that 0 a 1 x 1 and a 1 = f + λq with f ∈ PA[−1, 1], λ ∈ R and q = a 1 + a 2 . Then a 1 (t) = 0 for every t ∈ [−1, 0]. This implies λ = 0 and so, a 1 ∈ PA[−1, 1]. Similarly a 2 ∈ PA[−1, 1]. Altogether, we have a 1 + a 2 = q ∈ PA[−1, 1], which is a contradiction. Therefore X does not have the RDP. Next we show that every directed o-closed ideal in X is a band. For an ideal A in X let Z(A) = {t ∈ [−1, 1] | x(t) = 0 for every x ∈ A} be the set of zeroes of A. Notice that every element in X is a linear combination λq + p of the quadratic function q, where λ ∈ R, with an element p ∈ PA[−1, 1]. First we observe the following facts. Claim 1: Let p ∈ PA[−1, 1] and λ = 0. Then λq + p has finitely many zeroes. This follows immediately from the fact that q is quadratic and p is piecewise affine. Claim 2: Let A ⊆ X, A = {0}, be an ideal with Z(A) infinite. Then for every p ∈ PA[−1, 1] and λ = 0 we have λq + p / ∈ A d . Indeed, since A = {0}, there exists some a ∈ A, a = 0. We can assume that there is an r ∈ [−1, 1] with a(r) > 0. Due to the continuity of a there is an open interval U r around r such that a(t) > 0 for every t ∈ U r . From a ⊥ A d it follows that every x ∈ A d is zero on U r . That is, U r ⊆ Z(A d ). As for λ = 0 the function λq + p has finitely many zeroes, it follows λq + p / ∈ A d . Next, to establish that every o-closed directed ideal in X is a band, we consider four cases. In some cases we establish instead that if an ideal is a band, then it is not o-closed. Let I be an ideal in X. Case 1 : Let first Z(I) be a singleton, i.e. Z(I) = {r} for an r ∈ [−1, 1]. Then due to I dd = X we have that I is not a band. We show that I is not order closed. To that end we find a sequence (f n ) n∈N in I which o-converges to
Consider for every n ∈ N the mapping f n which is defined by f n (t) = 0 for t ∈ U n+1 and by f n (t) = 1 for t ∈ [−1, 1]\U n . The mapping f n can be extended continuously by an affine piece on r − , r + 1 n ∩ [−1, 1], respectively (provided these sets are not empty). Let n ∈ N be fixed. Clearly, f n ∈ PA[−1, 1]. We show f n ∈ I. Then for every n ∈ N we can set y n := 1 [−1,1] −f n ∈ X and due to f n ↑ obtain
This then implies that I is not order closed. To establish that for a fixed n ∈ N we have f n ∈ I, let s ∈ [−1, 1]\ {r}. Then there exists a function x s ∈ I with x s (s) = 0. We can assume that x s (s) > 0 and, since I is a linear subspace of X, we can choose x s to satisfy x s (s) = 2. Due to x s being continuous, it follows that there is an open interval U s around s such that x s (t) 1 for every t ∈ U s . Thus there exists a positive function g s ∈ PA[−1, 1] such that g s has its support in U s and there is an open interval V s around s such that g s (t) = 1 for t ∈ V s and 0 g s (t) 1 for t ∈ U s . Since for every t ∈ [−1, 1] we have 0 g s (t) |x s (t)|, it follows g s ∈ I. ∈ I dd = X, a contradiction. Therefore we have I d = {0}. We can assume that Z(I) does not contain an isolated point. Indeed, if Z(I) has an isolated point, then I is not a band, and by a similar argumentation to the first case not o-closed. Moreover, Z(I) has no inner points. If, on the contrary, z is an inner point of Z(I), then there is an open neighbourhood U z of z with U z ⊆ Z(I). We can find a continuous piecewise affine function a ∈ X, a = 0, with support in U z . Then a ⊥ I, a contradiction to I d = {0}. To sum up, we have the following conditions: Z(I) is infinite, I dd = X, I d = {0}, Z(I) consists of accumulation points and has no inner points. The ideal I is not a band. Indeed, suppose I = I dd = X, then Z(I) = Z(X) = ∅, a contradiction. We establish that I is not o-closed. To that end, we first show that Z(I) is contained in a Cantor set C. For the real numbers a (0) := inf Z(I) and a (1) = sup Z(I) we have a (0) < a (1) . Since Z(I) has no inner points, there exists some m (0,1) ∈ a (0) , a (1) with m (0,1) / ∈ Z(I). Thus there is a function x (1) ∈ I such that x (1) (m (0,1) ) = 0. It follows that there is an open interval U 1 around m (0,1) such that x (1) (t) / ∈ Z(I) for every t ∈ U 1 . We can choose the interval U 1 to be maximal in respect to the inclusion. That is, since Z(I) is infinite and does not contain isolated points, there exist a (0,1) , a (1,0) ∈ Z(I) with a (0) = a (0,1) and a (1) = a (1, 0) such that x (1) (t) / ∈ Z(I) for every t ∈ U 1 := a (0,1) , a (1, 0) . We consider the next two intervals [a (0) , a (0,1) ] and [a (1, 0) , a (1) ]. Since Z(I) has no inner points, there exist m (0,0,1) ∈ a (0) , a (0,1) and m (1,0,1) ∈ a (1,0) , a (1) with m (0,0,1) , m (1,0,1) / ∈ Z(I). We can proceed as above and . We obtain four intervals and can proceed by induction to obtain a Cantor set C. As Z(I) does not belong to the removed open intervals, we obtain that Z(I) ⊆ C. We can number the removed intervals (starting with U 1 ) and the appropriate functions in I which do not vanish on these respective intervals (starting with x (1) ), e.g. in the order in which the intervals are removed. Denote the intervals by U n and the associated functions by x (n) , where n ∈ N. We proceed to establish that I is not o-closed. To that end, we consider the following function f / ∈ I and show that there is a sequence in I which o-converges to f :
t ∈ [a (0) , a (0,1) ], 1 t ∈ U 1 = a (0,1) , a (1,0) , 1 a (1,0) −a (1) t − 1 a (1,0) −a (1) a (1) t ∈ [a (1,0) , a ( 
Fix an element z ∈ Z(I). Recall that Z(I) does not contain intervals. Thus for every neighbourhood U (z) of z there exists some t ∈ U (z)\Z(I). Therefore there is a sequence (t j ) j∈N in [−1, 1]\Z(I) such that t j → z. Since f is continuous, it follows |f (t j ) − f (z)| → 0. Due to (19) for every j ∈ N we have |s n (t j ) − f (t j )| n→∞ − −− → 0. This yields |s n (t j ) − f (z)| = |s n (t j ) − f (t j ) + f (t j ) − f (z)| |f (t j ) − f (z)| + |s n (t j ) − f (t j )| j,n→∞ − −−− → 0.
For every upper bound u ∈ {s n | n ∈ N} u we have s n (t j ) u(t j ) for every j ∈ N. As s n and u are continuous, we obtain f (z) u(z). Clearly, for t ∈ [−1, 1]\Z(I) due to s n ↑ and (19) we have f (t) u(t). It follows that f is the least upper bound of {s n | n ∈ N} u , i.e. s n ↑ f / ∈ I. This establishes that I is not o-closed. To sum up, in X we have either bands which are o-closed, or ideals which are not o-closed. [1] and [9] .
(ii) Let X and X 0 be pre-Riesz spaces such that X 0 ⊆ X and let Y be a vector lattice cover of X and X 0 . Clearly, if X 0 is pervasive, then X is likewise pervasive. Example 23 shows that a similar statement for RDP is not true:
The space X 0 has the RDP, but X does not. Here, X 0 = PA[−1, 1] is even a vector lattice.
